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                \begin{document}$H_{\mathcal {P}}^{\prime}, V^{\prime}$\end{document}$ are the corresponding dual spaces, and we identify $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{P}(u,w) \equiv(Pu,w)_{H_{\mathcal{P}} \times H_{\mathcal {P}}^{\prime}},\qquad \Vert u \Vert ^{2}_{\mathcal{P}} \equiv\mathcal{P}(u,u),\quad \forall u, w \in H_{\mathcal{P}}. $$\end{document}$$ Also, the operator *A* defines a bilinear form and a norm in *V* by $$\documentclass[12pt]{minimal}
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Framework and previous results {#Sec2}
==============================

We shall present some properties of a class of solutions of problem ([1](#Equ1){ref-type=""})-([2](#Equ2){ref-type=""}). In this functional framework, we assume that the following local existence and uniqueness theorem holds.

Theorem 2.1 {#FPar1}
-----------
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Remark 2.2 {#FPar2}
----------

Problem ([1](#Equ1){ref-type=""})-([2](#Equ2){ref-type=""}) is invariant if we reverse the time direction: $\documentclass[12pt]{minimal}
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                \begin{document}$E(u_{0},v_{0})$\end{document}$, there are several recent works that prove blow-up of solutions of equations of the type ([1](#Equ1){ref-type=""}) with high initial energies. Some of these results are particular cases of the one that we shall prove here. See the examples and references in the last section of this work. Our main result is obtained by means of the detailed analysis of a differential inequality. We do not apply any of the results known in the literature about differential inequalities commonly used to prove blow-up. See, for instance, \[[@CR7]--[@CR9]\] and the references therein for an account. However, we consider that these known results do not exploit the complete consequences of the differential inequalities involved. The purpose of this work is to get further in their analysis.

Main result {#Sec3}
===========
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By means of the orthogonal decomposition of the velocity, introduced in \[[@CR10]\], $$\documentclass[12pt]{minimal}
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Corollary 3.2 {#FPar4}
-------------

*Consider any solution of problem* ([1](#Equ1){ref-type=""})-([2](#Equ2){ref-type=""}) *in the sense of Theorem * [2.1](#FPar1){ref-type="sec"}. *Assume* (H0) *and* (H1). *For any positive constant* *Ẽ*, *we can always find initial data* $\documentclass[12pt]{minimal}
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Remark 3.3 {#FPar5}
----------

For the proof of this theorem, some differential inequality is employed to prove that the solution only exists up to a finite time: $\documentclass[12pt]{minimal}
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                \begin{document}$T > T_{\mathrm{MAX}}$\end{document}$. See \[[@CR13]--[@CR15]\] for more discussion. The technique described above belongs to the so-called functional method. That is, some functional in terms of a norm of the solution defined in the sense of Theorem [2.1](#FPar1){ref-type="sec"} satisfies a differential inequality that necessarily implies that such norm blows up in finite time. Consequently, the solution cannot be global. This method has been used by many authors to show nonexistence of solutions of a wide class of equations. See, for instance, \[[@CR9]\] for an early reference where a concavity argument is used. See also \[[@CR7]--[@CR9]\] and the references therein for an account of important contributions in the field, where several differential inequalities are studied. Here, we get further in the analysis of the differential inequality involved.

Proofs {#Sec4}
======

Proof of Theorem [3.1](#FPar3){ref-type="sec"} {#FPar6}
----------------------------------------------

We assume that the solution is global, then we construct a differential inequality for any $\documentclass[12pt]{minimal}
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Now, we prove that ([10](#Equ10){ref-type=""}) holds. Indeed, we notice that the function $\documentclass[12pt]{minimal}
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Remark 4.1 {#FPar7}
----------
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If the potential well method is applicable, as in the examples in the next section, there exist conditions characterizing blow-up when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) < d$\end{document}$ as we mentioned in the Introduction. In this situation, the blow-up problem when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) \le\alpha _{Q(u_{0},v_{0})}$\end{document}$ is resolved as follows. (i) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha_{Q(u_{0},v_{0})} < d$\end{document}$, here the characterization for blow-up when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) \le\alpha _{Q(u_{0},v_{0})} < d$\end{document}$ is given by the potential well method. (ii) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha _{Q(u_{0},v_{0})} \geq d$\end{document}$, here the characterization for blow-up is given by the potential well method only for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) < d$\end{document}$, and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d \le E(u_{0},v_{0}) \le \alpha_{Q(u_{0},v_{0})}$\end{document}$ blow up can be proved like in \[[@CR7], [@CR11]\].

However, for any positive constant *Ẽ*, we can always find initial data $\documentclass[12pt]{minimal}
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Proof of Corollary [3.2](#FPar4){ref-type="sec"} {#FPar8}
------------------------------------------------
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                \begin{document}$h_{0} \equiv v_{0} - \frac{\mathcal{P}(u_{0},v_{0})}{ \Vert u_{0} \Vert _{\mathcal{P}}^{2}} u_{0}$\end{document}$. We choose initial data such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$Q(u_{0},v_{0})$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha_{Q(u_{0},v_{0})} < E(u_{0},v_{0}) < \beta_{Q(u_{0},v_{0})}$\end{document}$. □

Remark 4.2 {#FPar9}
----------

For small energies, the potential well method characterizes the qualitative behavior of any solution in terms of the sign of $\documentclass[12pt]{minimal}
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                \begin{document}$I(u_{0})$\end{document}$, see \[[@CR16]--[@CR18]\]. By means of the invariance of some sets, along with the solution, it is proved in \[[@CR5], [@CR10], [@CR12]\] that $\documentclass[12pt]{minimal}
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                \begin{document}$(u_{0},v_{0})$\end{document}$ that imply blow-up. Here, we do not have invariance properties, and we need to analyze when Theorem [3.1](#FPar3){ref-type="sec"} implies $\documentclass[12pt]{minimal}
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                \begin{document}$I(u_{0})$\end{document}$ is not a sufficient condition to conclude nonexistence of global solutions, but it is a necessary one.

Some examples {#Sec5}
=============

Nonlinear Klein-Gordon equation {#Sec6}
-------------------------------
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                \begin{document}$$u_{tt}(x,t) - \Delta u(x,t) + m u(x,t) = \mathcal{F}\bigl(u(x,t) \bigr), \quad (x,t) \in\mathbb{R}^{N} \times(0,T), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,0) = u_{0}(x),\qquad u_{t}(x,0) = v_{0}(x), \quad x \in \mathbb{R}^{N}. $$\end{document}$$

We can assume without loss of generality that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P = I_{d}$\end{document}$ is an identity operator. Hence $\documentclass[12pt]{minimal}
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                \begin{document}$c \equiv1$\end{document}$. Theorem [2.1](#FPar1){ref-type="sec"} is true and nonexistence of global solutions is due to blow-up; see, for instance, \[[@CR7], [@CR12], [@CR16]\]. Consequently, by Theorem [3.1](#FPar3){ref-type="sec"} and Corollary [3.2](#FPar4){ref-type="sec"} for every positive initial energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E(u,v) \equiv\frac{1}{2} \bigl( \Vert v \Vert _{2}^{2} + \Vert \nabla u \Vert _{2}^{2} + \Vert u \Vert _{2}^{2} \bigr) - \frac{\mu}{r} \Vert u \Vert _{r}^{r}, $$\end{document}$$ there exist initial data such that $$\documentclass[12pt]{minimal}
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                \begin{document}$L_{p}(\mathbb{R}^{N})$\end{document}$ norm. This result is new in the literature. Several sufficient conditions, more restrictive than ours, have been given before. Indeed, in \[[@CR7], [@CR12]\] blow-up is proved for the initial energy such that $\documentclass[12pt]{minimal}
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                \begin{document}$E(u_{0},v_{0}) \le\eta_{\frac{r-2}{2}}(u_{0},v_{0})$\end{document}$, respectively. In \[[@CR8], [@CR16]\], initial energy must satisfy even a more restrictive condition. As we observed in the remark that follows the proof of Theorem [3.1](#FPar3){ref-type="sec"}, our result shows that blow-up can occur for initial energies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) > \eta_{\frac{r-2}{2}}(u_{0},v_{0})$\end{document}$.

Nonlinear wave equation {#Sec7}
-----------------------
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                \begin{document}$$u_{tt}(x,t) - \Delta u(x,t) = \mathcal{F}\bigl(u(x,t)\bigr),\quad (x,t) \in \Omega\times(0,T), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\Omega\subset\mathbb{R}^{N}$\end{document}$ is a bounded and open domain with smooth boundary, supplemented with the homogeneous Dirichlet boundary conditions $$\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,0) = u_{0}(x),\qquad u_{t}(x,0) = v_{0}(x),\quad x \in \Omega. $$\end{document}$$

We consider the same nonlinear source term as that in the last example. Also, the same blow-up results are concluded here. Indeed, $\documentclass[12pt]{minimal}
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                \begin{document}$H = H_{\mathcal{P}} = L_{2}(\Omega)$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
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                \begin{document}$A u = -\Delta u, V = H^{1}_{0}(\Omega)$\end{document}$. Then hypothesis (H0) holds by the Poincaré inequality: $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert u \Vert _{H^{1}_{0}(\Omega)} \geq\sqrt {c} \Vert u \Vert _{L_{2}(\Omega)}$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$u \in H^{1}_{0}(\Omega)$\end{document}$. Theorem [2.1](#FPar1){ref-type="sec"} is true if $\documentclass[12pt]{minimal}
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                \begin{document}$u \in H^{1}_{0}(\Omega)$\end{document}$, and nonexistence of global solutions is due to blow-up; see, for instance, \[[@CR2], [@CR14], [@CR15], [@CR17], [@CR18]\]. Consequently, by Theorem [3.1](#FPar3){ref-type="sec"} and Corollary [3.2](#FPar4){ref-type="sec"} for every positive initial energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E(u,v) \equiv\frac{1}{2} \bigl( \Vert v \Vert _{2}^{2} + \Vert \nabla u \Vert _{2}^{2} \bigr) - \frac{\mu}{r} \Vert u \Vert _{r}^{r}, $$\end{document}$$ there exist initial data such that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert u_{0} \Vert _{2} > 0,\quad (u_{0},v_{0})_{2} > 0 $$\end{document}$$ imply blow-up in finite time in the norm of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{H}$\end{document}$, and by energy equation blow-up occurs also in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L_{p}(\Omega)$\end{document}$ norm. Again, this result is new for high energies. Several sufficient conditions, more restrictive than ours, have been given before; see, for instance, \[[@CR8], [@CR9], [@CR14], [@CR15]\] where initial energy must satisfy a condition more restrictive than $\documentclass[12pt]{minimal}
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                \begin{document}$E(u_{0},v_{0}) < \eta_{0}(u_{0},v_{0})$\end{document}$. Our result shows that blow-up can occur for initial energies $\documentclass[12pt]{minimal}
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                \begin{document}$E(u_{0},v_{0}) > \eta_{q}, 0 < q \le\frac{r-2}{2}$\end{document}$. See \[[@CR17], [@CR18]\] for different sufficient conditions.

Generalized Boussinesq equation {#Sec8}
-------------------------------
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                \begin{document}$$u_{tt}(x,t) - \beta_{1} \Delta u(x,t) - \beta_{2} \Delta u_{tt}(x,t) + \beta _{3} \Delta^{2} u(x,t) + m u(x,t) + \Delta\mathcal{F}\bigl(u(x,t)\bigr) = 0, $$\end{document}$$ for $\documentclass[12pt]{minimal}
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Sixth order generalized Boussinesq equation {#Sec9}
-------------------------------------------

$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_{tt}(x,t) - \Delta u(x,t) - \Delta u_{tt}(x,t) + \Delta^{2} u(x,t) + \Delta^{2} u_{tt}(x,t) + u(x,t) + \Delta\mathcal{F}\bigl(u(x,t)\bigr) = 0, $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x,t) \in\mathbb{R}^{N} \times(0,T)$\end{document}$, and the initial data $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u(x,0) = u_{0}(x),\qquad u_{t}(x,0) = v_{0}(x),\quad x \in \mathbb{R}^{N}. $$\end{document}$$ Here, we normalized the coefficients to one. Also, we consider the same nonlinear source term as in the last example. See, for instance, \[[@CR3], [@CR19]\] for the existence and uniqueness of solutions. Here, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Pu = Au = \bigl(- \Delta+ (- \Delta)^{-1} + I_{d}\bigr)u, $$\end{document}$$ and we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H = L_{2}(\mathbb{R}^{N})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{\mathcal{P}} = V = \{u \in H^{1}(\mathbb{R}^{N}): (- \Delta)^{-\frac{1}{2}}u \in L_{2}(\mathbb{R}^{N})\}$\end{document}$. Also, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u \Vert _{\mathcal{P}}^{2} = \Vert u \Vert _{V}^{2} = \Vert \nabla u \Vert _{2}^{2} + \Vert u \Vert _{*}^{2} + \Vert u \Vert _{2}^{2}. $$\end{document}$$ Hence, hypothesis (H0) holds with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c \equiv1$\end{document}$. By Theorem [3.1](#FPar3){ref-type="sec"} and Corollary [3.2](#FPar4){ref-type="sec"} for every positive initial energy $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0})$\end{document}$, where $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E(u,v) \equiv\frac{1}{2} \bigl( \Vert \nabla v \Vert _{2}^{2} + \Vert v \Vert _{*}^{2} + \Vert v \Vert _{2}^{2} + \Vert \nabla u \Vert _{2}^{2} + \Vert u \Vert _{*}^{2} + \Vert u \Vert _{2}^{2} \bigr) - \frac{\mu }{r} \Vert u \Vert _{r}^{r}, $$\end{document}$$ there exist initial data such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \nabla u_{0} \Vert _{2}^{2} + \Vert u_{0} \Vert _{*}^{2} + \Vert u_{0} \Vert _{2}^{2} > 0, \qquad (\nabla u_{0},\nabla v_{0}) + (u_{0},v_{0})_{*} + (u_{0},v_{0})_{2} > 0 $$\end{document}$$ imply blow-up in finite time in the norm of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{H}$\end{document}$, and by energy equation blow-up occurs also in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L_{p}(\mathbb{R}^{N})$\end{document}$ norm. We notice that previous results in the literature are improved. Indeed, in \[[@CR5], [@CR11]\] blow-up is proved for initial energy such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) < \eta_{0}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) \le\eta_{\frac{r-2}{2}}$\end{document}$, respectively. We showed that blow-up can occur for initial energies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E(u_{0},v_{0}) > \eta_{\frac{r-2}{2}}$\end{document}$.

Conclusions {#Sec10}
===========

By means of a detailed analysis of a differential inequality, we proved that for any positive value of the initial energy of problem ([1](#Equ1){ref-type=""})-([2](#Equ2){ref-type=""}), we can always find initial data satisfying $$\documentclass[12pt]{minimal}
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                \begin{document}$$E(u_{0},v_{0}) \in\mathcal{I}_{Q(u_{0},v_{0})}. $$\end{document}$$ We applied our main theorem to several equations and exhibited that our result improves the ones for blow-up published in the literature.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

The final form of this work is due to the valuable suggestions of the referees whom I thank for their comments. This work was supported by the Universidad Autónoma Metropolitana, Unidad Azcapotzalco, through the project Evolution Equations, number: CB-02413.

Only one author contributed to the manuscript and read and approved the final manuscript.

Competing interests {#FPar10}
===================

The author declares that he has no competing interests.
